In this paper, we focus on the generalized 3D magnetohydrodynamic equations. Two logarithmically blow-up criteria of smooth solutions are established. MSC: 76D03; 76W05
Introduction
We study blow up criteria of smooth solutions to the incompressible generalized magnetohydrodynamics (GMHD) equations in R |B|  are non-dimensional quantities corresponding to the flow velocity, the magnetic field and the total kinetic pressure at the point (x, t), while u  (x) and B  (x) are the given initial velocity and initial magnetic field with ∇ · u  =  and ∇ · B  = , respectively. The GMHD equations is a generalized model of MHD equations. It has important physical background. Therefore, the GMHD equations are also mathematically significant. For D Navier-Stokes equations, whether there exists a global smooth solution to D impressible GMHD equations is still an open problem. In the absence of global well-posedness, the development of blow-up/ non blow-up theory is of major importance for both theoretical and practical purposes. Fundamental mathematical issues such as the global regularity of their solutions have generated extensive research and many interesting results have been established (see [-] ).
When α = β = , (.) reduces to MHD equations. There are numerous important progresses on the fundamental issue of the regularity for the weak solution to (.), (.) (see [-] In the paper, we obtain two logarithmically blow-up criteria of smooth solutions to (.), (.) in Morrey-Campanato spaces. We hope that the study of equations (.) can improve the understanding of the problem of Navier-Stokes equations and MHD equations. Now we state our results as follows.
then the solution (u, B) can be extended beyond t = T.
We have the following corollary immediately.
We have the following corollary immediately. http://www.boundaryvalueproblems.com/content/2013/1/187
Assume that (u, B) is a smooth solution to (.), (.) on [, T). Suppose that T is the maximal existence time, then
The paper is organized as follows. We first state some preliminaries on function spaces and some important inequalities in Section . Then we prove main results in Section  and Section , respectively.
Preliminaries
Before stating our main results, we recall the definition and some properties of the homogeneous Morrey-Campanato space.
where B(x, R) denotes the ball of center x with radius R.
a Banach space when it is equipped with the norm
where the infimum is taken over all possible decompositions.
Then there exists a constant C >  such that for any f ∈Ḣ γ and g ∈ L m ,
The following lemma comes from [] . http://www.boundaryvalueproblems.com/content/2013/1/187
where  ≤ α ≤ m and
The following inequality is the well-known Gagliardo-Nirenberg inequality.
Lemma . Let j, m be any integers satisfying  ≤ j < m, and let  ≤ q, r ≤ ∞, and p ∈ R,
there is a positive constant C depending only on n, m, j, q, r, θ such that the following inequality holds:
with the following exception: if  < r < ∞ and m -j - 
Similarly, we obtain
Summing up (.) and (.), we deduce that
By using Lemmas ., . and (.), we have
We apply integration by parts, ∇ · B = , Lemmas ., . and (.). This gives
Owing to (.), we know that for any small constant ε > , there exists T  < T such that
By (.), we obtain
It follows from (.) and Gronwall's inequality that
where
m to the first equation of (.), then taking L  inner product of the resulting equation with ∇ m u and using integration by parts, we get
Similarly, we have
Combining (.)-(.), using ∇ · u = , ∇ · B =  and integration by parts yields
In what follows, for simplicity, we set m = . Using Hölder's inequality and (.), (.), we have
Gronwall's inequality implies the boundedness of H  -norm of u and B provided that 
Similarly, we get
Summing up (.) and (.), we deduce that
Using Lemmas ., . and (.), we obtain
Similarly, we obtain and
Thanks to (.), we know that for any small constant ε > , there exists T  < T such that
By (.) and (.), we obtain 
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